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Preface ix A celebrated problem originating in such basic questions about primes is Artin's Primitive Root Conjecture, formulated by E. Artin in 1927 and asserting that every integer a = ±1, which is not a perfect square, is a generator of the multiplicative group F * p for infinitely many primes p. In 1967, this conjecture was proven by C. Hooley under the Generalized Riemann Hypothesis (GRH), marking a breakthrough in the area. This was followed by R. Gupta and M. Ram Murty's own breakthrough, published in the paper A remark on Artin's conjecture, Inventiones Mathematicae 78, 1984, pp. 127-130 . In this paper the authors showed the existence of a finite set of 13 numbers such that, for at least one of these numbers, Artin's Primitive Root Conjecture is true. Thanks to subsequent advances in sieve methods, in particular the Chen-Iwaniec switching and the celebrated theorem of E. Bombieri, J.B. Friedlander and H. Iwaniec about primes in arithmetic progressions with large moduli, the above result was improved to one about a set of 3 numbers by R. Harper classified all euclidean rings arising from an algebraic number field whose ring of integers has unit rank greater than 3. In particular, an outcome of this work is that Z[ √ 14] is euclidean, previously a long-standing conjecture in algebraic number theory.
More recently, together with his postdoctoral fellow K. Petersen, Murty showed that his results on variations of the Bombieri-Vinogradov Theorem can also be used to study subgroups of PSL 2 (O K ), where O K is the ring of integers of a number field K.
In several other papers, M. Ram Murty and his co-authors have explored the potential for powerful applications of sieves which were little known or believed obsolete. In particular, these explorations have led to the revival of the sieve of Erathostenes and the development of the sieve of Turán as techniques leading to modern applications.
2.2.2. Elliptic curves. Elliptic curves play a fundamental role in pure mathematics, as well as in applied sciences such as data encryption and internet security. In several papers, M. Ram Murty and his collaborators have made progress on major conjectures about the reductions modulo primes of an elliptic curve, formulated by S. Lang and H. Trotter in the 1970s, and on conjectures about the rank of an elliptic curve, formulated by B. Birch and P. Swinnerton-Dyer in the 1960s.
One of the Lang-Trotter Conjectures may be viewed as an elliptic curve analogue of Artin's Primitive Root Conjecture, asserting that, for any elliptic curve E/Q with positive (arithmetic) rank and for any fixed point P ∈ E(Q) of infinite order, the density of primes p for which the group E(F p ) is generated by the reduction of P modulo p exists.
In his PhD thesis at MIT, M. Ram Murty considered a relaxed version of this conjecture, that of proving the existence of infinitely many primes p for which the group E(F p ) is cyclic, after imposing the necessary (and sufficient) hypothesis that Q(E[2]) = Q. This problem had already been investigated in the late 1970s by J-P. Serre under GRH, in analogy with Hooley's conditional investigation of Artin's Primitive Root Conjecture. In his thesis, M. Ram Murty placed the Cyclicity Conjecture in a more conceptual abstract setting, coherent with that of Artin's Primitive Root Conjecture; he then provided a conditional proof of this generalized conjecture following the spirit of Serre's proof, and provided the first unconditional proof of the existence of infinitely many primes p for which E(F p ) is cyclic in the case of an elliptic curve E/Q with complex multiplication.
These results have paved the way to Murty's subsequent breakthroughs, obtained with R. Gupta in the papers Primitive points on elliptic curves, Compositio Mathematicae 58, 1986, pp. 13-44, and Cyclicity and generation of points mod p on elliptic curves, Inventiones Mathematicae 101, 1990, pp. 225-235, in which they proved additional strong results supporting the Lang-Trotter Primitive Point Conjecture.
Another one of the Lang-Trotter Conjectures investigated by M. Ram Murty concerns the supersingular primes of an elliptic curve E over Q, that is, the primes p for which End F p (E) is an order in a quaternion algebra. It is conjectured that, provided E has no complex multiplication, the number of such primes p < x behaves asymptotically as c(E) √ x/ log x for some constant c(E), depending on E. The first breakthrough on this problem is that of N. Elkies, who proved the infinitude of such primes in 1987. Subsequently,É. Fouvry and M. Ram Murty established an unconditional lower bound for the number of supersingular p < x, still the best known so far, and established an average version of the conjecture over an arbitrary two-parameter family of elliptic curves. This latter result has set the stage for future notable results in the area, leading to an entire current line of research focused on studying families of elliptic curves, and, more recently, of abelian varieties.
The reductions of an elliptic curve allow for an intimate interplay between the global and local properties of the curve. In this direction, the famous Birch and Swinnerton-Dyer Conjecture relates the arithmetic rank of an elliptic curve E/Q with its analytic rank, and predicts the finiteness of an important group associated to E, its Tate-Shafarevich group. In the late 1980s, V. Kolyvagin showed that, as predicted by the Birch and Swinnerton-Dyer Conjecture, the existence of a quadratic twist of the L-function of E with a simple zero at s = 1 implies the finiteness of the Tate Such results have inspired important further research by Murty and by several other number theorists from a variety of branches (automorphic, geometric, probabilistic). In particular, they have been useful in shedding new light on the congruence number of a newform and on the degree conjecture for an elliptic curve, as also investigated by M. Ram Murty in the paper Congruences between modular forms, Analytic Number Theory, LMS Lecture Notes 247, 1997, pp. 313-320, and Bounds for congruence primes, Automorphic Forms, Automorphic Representations and Arithmetic, Proceedings of Symposia in Pure Mathematics 66, AMS, 1999, pp. 177-192. In more recent work, M. Ram Murty has continued his investigations of Fourier coefficients of modular forms, establishing, with V. Kumar Murty, a part of a general conjecture of S. Lang and H. Trotter that for a Hecke eigenform of integral weight k ≥ 12 and level 1, there are only finitely many Fourier coefficients taking on a fixed odd value, as well as establishing, with K. Sinha, a general equidistribution theorem for Hecke eigenvalues. This latter result originates in work of J-P. Serre from the 1990s and has applications to the study of the splitting of the Jacobian variety J 0 (N ), and also to the study of the eigenvalues of adjacency matrices of regular graphs.
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Mentoring, training and broader impacts.
Throughout his career, M. Ram Murty has played a leadership role in higher education by training over 40 Master's and PhD students, by sponsoring and mentoring over 30 postdoctoral fellows, and by writing didactic monographs which describe, in accessible terms, frontiers of current research. Several of Murty's former students have embarked on solid independent research careers in academia, such as three of the organizers of this event (Cojocaru, David and Pappalardi). At the same time, Murty's books have steadily gained popularity among graduate students, bridging the gap between undergraduate curriculum and current research, and bridging cultural and economical gaps between students all over the world.
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